Abstract. In this paper we show that over any field K of characteristic different from 2, the Maslov index gives rise to a 2-cocycle on the stable symplectic group with values in the Witt group. We also show that this cocycle admits a natural reduction to I 2 (K) and that the induced natural homomorphism from K 2 Sp(K) → I 2 (K) is indeed the homomorphism given by the symplectic symbol {x, y} mapping to the Pfister form 1, −x ⊗ 1, −y .
The Maslov index, as a quadratic form invariant attached to a triple of Lagrangians in a symplectic space, was introduced by Wall [10] in the study of signatures of manifolds. In the context of the study of differential equations, the Maslov index was defined by Kashiwara [3 (p. 39)]. The relationship between the classical work of Weil on the metaplectic group and the Maslov index was studied by Lion and Vergne [3] who describe a central extension of the real symplectic group by Z. A corresponding result for local fields, with Z replaced by the Witt group of the field was proved independently by Perrin [7] and Rao [8] . The techniques used in these proofs that the Maslov index yields a 2-cocycle are analytical.
For an arbitrary field K with char K = 2, Nekovář [5] shows that the Maslov index gives rise to a 2-cocycle on Sl 2 (K) = Sp 2 (K) with values in the Witt group W (K) of K and which is equivalent to a cocycle with values in I 2 (K) where I (K) denotes the ideal of even rank forms in W (K), thus giving rise to a central extension of Sl 2 (K) by I 2 (K). Barge [1] gives another approach to the construction of this central extension via the 'Euler cocycle' and shows that under the Milnor homomorphism K 2 (K) → I 2 (K)/I 3 (K), the Steinberg central extension of Sl 2 (K) by K 2 (K) gives rise to the central extension of Sl 2 (K) by I 2 (K)/I 3 (K) which is the specialisation of the Maslov reduction cocycle.
In this paper, we show that the Maslov index gives rise to a 2-cocycle ρ m on Sp 2n (K) with values in W (K) for all n. The cocycle stabilises with n and yields a central extension of the stable symplectic group Sp(K) by W (K). We show that ρ m admits a natural reduction ρ m to I 2 (K). Hence there is a homomorphism K 2 Sp(K) → I 2 (K), K 2 Sp(K) being the kernel of the universal central extension of Sp(K) [4] . We show this homomorphism is the natural homomorphism defined by {x, y} → 1, −x ⊗ 1, −y , where {x, y}, x, y ∈ K * is the symplectic symbol [4] . Thus the Maslov cocycle gives an explicit description of the central extension of Sp(K) by I 2 (K) under this specialisation. We also give an interpretation of the Maslov index quadratic form in terms of the geometry of the space of Lagrangians. We note that Nori [6] has recently shown that the Maslov central extension of Sp 2n (K) can be described by a certain universal property.
Maslov Index and a Central Extension of Sp 2n 2n 2n (K) (K) (K) by W (K) W (K) W (K)
Let K be a field with char K = 2. Let V be a vector space of dimension 2n over K with a nondegenerate alternating form φ. We set v, w = φ(v, w), for v, w ∈ V . For a subset W of V , we set W ⊥ = {v ∈ V , w, v = 0, for all w ∈ W } and call it the null space of W. A Lagrangian for V is a maximal totally isotropic subspace for the alternating form φ, i.e., a subspace W of dim n for which
Let A = (a ij ) and B = (b ij ). Then for a choice of basis of K 012 , the matrix of q 012 is given by AB t . Proof. Let q = q 012 . Let
Then {θ i }, 1 i n form a basis for K 012 . We calculate the matrix of q with respect to this basis. We have
Thus the matrix of q with respect to {θ i } is 1 2 (AB t + BA t ). We have, v i , v j = 0, which gives, AB t = BA t so that the lemma follows. 2 and L 3 chosen such that e i , v j = δ ij = w i , f j , 1 i, j n. This is possible since the Lagrangians are in general position. Let
The conditions
Since v i , v k = 0 and w i , w k = 0, we have a ik = a ki and d ik = d ki , 1 i, k n; i.e., the matrices A = (a ij ) and
We compute the matrix of q ij k with respect to a suitable basis of K ij k . 
Set, for 1 i n,
Then {θ i } is a basis for K 312 and the matrix of q 312 with respect to this basis is 
Proof. Let K 012 denote the kernel of the map s : 2 and q 012 the quadratic form defined by
). This proves the lemma. 2 with the Maslov index form denoted by q 012 . The map π induces a map π 012 : 012 ). This proves the lemma. LEMMA 1.5. Let V be a vector space over a field K with more than two elements.
be the projection with respect to this decomposition and π
: V → V 1 , the projection composed with reduction modulo (v). Let K 012 denote the kernel of s : L 0 ⊕ L 1 ⊕ L 2 → V 1 , s(x 0 , x 1 , x 2 ) = x 0 + x 1 + xK 012 → K 012 given by π 012 (x 0 , x 1 , x 2 ) = ( π(x 0 ), π(x 1 ), π(x 2 )). Since v ∈ L 0 ∩L 1 , π(x i ) = x i , i = 0, 1, bar denoting reduction modulo (v). This map is surjective; if v 0 + v 1 + v 2 = 0 in V 1 and v 0 ∈ L 0 , v 1 ∈ L 1 , v 2 ∈ L 2 ∩ V 1 are such that π(v 0 ) = v 0 , π(v 1 ) = v 1 , π(v 2 ) = v 2 , then v 0 +v 1 +v 2 = λv, λ ∈ K * and π 012 (v 0 −λv, v 1 , v 2 ) = (v 0 , v 1 , v 2 ) with (v 0 − λv, v 1 , v 2 ) ∈ K 012 . Further, q 012 (x 0 , x 1 , x 2 ) = x 0 , x 1 = x 0 , x 1 = q 012 (x 0 , x 1 , x 2 ). Hence π 012 induces an isometry of (K 012 /K ⊥ 012 , q 012 ) with ( K 012 / K ⊥ 012 , q
Given three proper subspaces
Proof. We may assume that V i are distinct and
Since e ∈ V 0 , e + λf ∈ V 1 , for every λ ∈ K * . Since K * has at least two elements this implies that f ∈ V 1 , leading to a contradiction.
Thus there exists λ ∈ K * such that e + λf ∈ V 0 ∪ V 1 . Since f ∈ V 2 , and e ∈ V 2 , e + λf ∈ V 2 and this proves the lemma.
Proof. Suppose the dimension of V is 2. Since K = F 3 , V has more than four 1-dimensional subspaces and the lemma is true. We prove the lemma by induction on dim K V .
We show that there exists
Since K * has more than two elements, by box principle, there exist λ, λ ∈ K
Replacing K by an odd degree extension, we may assume that K = F 3 .
The proof is by induction on dim K V . If dim(V ) = 2, this is verified in [5] . In view of Proposition 1.2, we may assume that L 0 ∩ L 1 = (0). We first consider the case where 
The map η, which is easily seen to be well defined, is an injection and is an isometry of ( 
. Thus in this case, we are through by induction.
denote the alternating sum of the corresponding Maslov indices, the van-ishing of which gives the cocycle condition. Using Lemma 1.6, we choose a Lag-
Since each term on the right hand side is individually zero, Proof. Straightforward verification, noting that independence of f on the choice of x 0 follows from the transitive action of G on X and G-equivariance of f.
Fixing a Lagrangian L 0 in (V , φ), m gives rise to a 2-cocycle ρ m :
, which we call the Maslov cocycle.
Discriminants of Oriented Pairings and the Reduction of the Maslov
Cocycle to
Let K be a field of characteristic not 2. Let V be a vector space over K of dimension n. An orientation of V is the class of a non-zero element ω ∈ ∧ n V under the equivalence ω ∼ ω if there exists λ ∈ K * such that ω = λ 2 ω. The pair (V , ω) is called an oriented vector space. An orientation ω ∈ ∧ n V of V gives rise to an orientation ω * ∈ ∧ n V * = (∧ n V ) * , defined by ω * (ω) = 1, called the dual orientation.
Let f : V × W → K be a bilinear map of finite dimensional vector spaces over K. We say that f is nondegenerate if the induced map f : V → Hom K (W, K) is an isomorphism. Let (V , ω), (W, ω ) be a pair of oriented vector spaces and
by the formula
Let (V , φ) be a 2n-dimensional symplectic space over K. We write φ( 
pair of Lagrangians with orientations in (V , φ).
The pairing φ 12 is nondegenerate, since L 1 , L 2 are Lagrangians in V . We define
We define the signed discriminant of a pair of Lagrangians (
the group of quadratic classes of K with multiplication defined by (e, d)(e , d ) = (e + e , (−1)
ee dd ), for e, e ∈ Z/2Z,
) is an isomorphism of groups, dim 0 denoting dimension modulo two and disc denoting the signed discriminant. We fix the map η :
We define a map Q from the set of pairs of oriented Lagrangians to
Proof. We first prove the proposition in the case where
where d on the left hand side denotes the unsigned discriminant. Let 
We have,
Thus, the matrix of q 012 with respect to the basis
We now prove the proposition in the general case. We first remark that the right hand side of ( * ) remains unchanged if the orientations of L i are changed. This follows from the fact that d(
Since the right hand side of ( * ) is independent of the orientations, we may assume that ω 0 = ω 1 = ω 2 . In this case, the right hand side of ( * ) is also equal to 1.
2 be the corresponding Lagrangians in V 1 . We choose the orientations, ω 1 ) ). Similar identities hold for a choice of orientation for L 2 . By induction on dim K V , we have, using (1.3), Let {v 2 , . . . , v r , w r+1 , . . . , w n } be a basis of L 2 ∩V 1 . Then {w, v 2 , . . . , v r ,  w r+1 , . . . , w n } is a basis of L 2 . Let {v, v 2 , . . . , v r , v r+1 , . . . , v n } be a basis of L 0 . We may assume that ω 0 = v ∧v 2 ∧. . .∧v r ∧v r+1 ∧. . .∧v n and ω 2 
det(Y )).
As in the earlier case, we also have,
). This completes the proof of the proposition.
Let G = Sp(V , φ) denote the subgroup of Gl(V ) consisting of all automorphisms which preserve φ. Let L denote the set of all Lagrangians in (V , φ) . Then G acts transtively on L. The map m: L 3 → W (K) defined in Section 1 is Gequivariant and satisfies the condition of Proposition 1.8.
We fix a Lagrangian L 0 in (V , φ) and an orientation ω 0 of
which belongs to I 2 (K). We record this in the following.
is a 2-cocycle which is independent of the choice of L 0 and admits a reduction ρ m :
Steinberg Cocycle for the Symplectic Group and the Maslov Cocycle
Let J 2n denote the standard 2n × 2n alternating matrix 0 I n −I n 0 , I n denoting the n × n identity matrix. Let Sp 2n (K) denote the symplectic group
is a perfect group and admits a universal central extension [4] 
The group K 2 Sp(K) is described in [4] explicitly by generators, the symplectic symbols {x, y}, x, y ∈ K * and the relations {x, y} + {xy, z} = {x, yz} + {y, z},
The map {x, y} → 1, −x ⊗ 1, −y ∈ I 2 (K) respects the relations above and gives a surjective homomorphism ρ : Let {e 1 , e 2 , . . . , e n , f 1 , f 2 Suslin [9] proves that there is a natural commutative diagram
where ρ is the Milnor homomorphism ρ({x, y})
, which, by the proposition above, is given by the Maslov reduction cocycle, ρ m , reduced modulo I 3 (K).
A Geometric Interpretation of the Maslov Index
Let Sp 2n (K) denote the symplectic group defined in Section 3, which is the group of automorphisms of (K 2n , J 2n ). , α ∈ Gl n (K), αβ t ∈ Sym n (K) 
